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The winding numbers for the even d+1 spacetime dimensional Weyl Hamiltonians are calculated in
terms of the related Green’s functions. It is shown that these winding numbers result in the divergence
of the Dirac monopole fields, hence they are equal to the unit topological charge. It is demonstrated
that the winding numbers are also equal to the Chern numbers which are expressed as the integral of
the Berry field strength. Explicit calculations are presented for the 3+1 and 5+ 1 dimensional cases.
Relevance of these topological invariants for the physical systems like the semiclassical chiral kinetic
theory are discussed.
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1 Introduction
Physical systems may have nontrivial topological and geometrical properties. Besides their interest-
ing mathematical structures, these properties yield important physical consequences. The simplest
example is the magnetic monopole in the 3 dimensional Euclidean space R3 where the existence of
the monopole makes the space homotopic to the 2-sphere S2. The gauge transformations on S2 are
classified by the fundamental group (or the first homotopy group) and this group is found to be iso-
morphic to the set of integers, Π1(S
1) ≃ Z. This integer is known as the winding number as it counts
the number of times the gauge transformations wind around the gauge group U(1). The winding
number is also expressed in terms of the topological first Chern number. Another example that has
numerous applications in quantum mechanics and condensed matter theory is the appearance of the
nontrivial phase factor due to the adiabatic evolution of the eigenstates in the parameter space of the
Hamiltonian. The loop traced by the eigenstate is accompanied by a nontrivial, geometrical phase
which is called as the Berry phase. The Berry phase is the holonomy associated to the U(1) bundle.
Topological and geometrical concepts also play an important role in quantum field theories. We would
like to mention here, the axial or chiral anomaly, which is the violation of the classically conserved
chiral current at the quantum level. The expectation value of the divergence of the current results in
the difference between the zero modes of opposite chirality which is the analytic index of the Weyl
operator. Because of the Atiyah-Singer index theorem the analytic index is equal to the topological
index which is given in terms of the Chern character (see [1] and the references therein).
Investigation of the physical properties with the help of topological invariants also become an
efficient tool in condensed matter physics. One of the most remarkable achievements in this direction
is the quantization of the Hall conductivity [2] which is explained in terms of the first Chern number
[3].
Within the homotopy theory the natural way for an investigation of the physical system is the
use of fermionic Green’s function G(w,p) and its winding number. The winding number is given
as an integer valued integral in terms of the Green’s function and reflects some properties of the
related Weyl particles [4]. For example, in odd space-time dimensions effective field theory of the time
reversal invariant topological insulators is the Chern-Simons action whose coefficient corresponds to
the conductivity of the system. This coefficient, hence the conductivity is quantized as it is equal to the
winding number of the fermion propagator [5, 6]. In [5, 6] it was also shown that the winding number
is equal to the integral of the related Chern character given in terms of the Berry field strength. The
same argument is valid in the case of the spin Hall effect [7]. Recently, a possible condensed matter
realization of Weyl Hamiltonian, namely Weyl semimetal is proposed [8] where the Berry phase reflects
the nontrivial topological properties of its band structure.
Chiral anomaly is the nonconservation of the classically conserved chiral current once the theory
is quantized. However, recent research [9, 10] shows that a realization of chiral anomaly is possible in
the context of semiclassical chiral kinetic theory by introducing the Berry gauge field induced through
the diagonalization of the Weyl Hamiltonian. Moreover, a generalization for higher even dimensional
spacetimes was achieved in [11]. In [9, 10], the relation between the chiral magnetic effect and chiral
anomaly in 3+1 dimensions was also acquired. In [12] both the chiral anomaly and the chiral magnetic
effect is formulated in terms of differential forms in 5 + 1 dimensions which can be easily generalized
to higher dimensions.
We would like to investigate the topological and geometrical concepts and the relations between
them in the context of one particle Weyl systems including Berry gauge fields in any even d + 1
dimensions. In momentum space, considering the d + 1 dimensional Weyl Hamiltonian, we calculate
the winding number of the fermion propagator which is a topological invariant [4]. The calculation
results in the flux of a Dirac monopole field with a unit topological charge. On the d− 1 dimensional
boundary of the momentum space, the winding number hence the charge can be expressed as the
integral of the Chern character of the Berry gauge field which is the topological index. In Section 2
2
we give a general presentation of Berry gauge field and its field strength which are extracted from the
diagonalization of the d + 1 dimensional Weyl Hamiltonian. We define winding number of the Weyl
fermion propagator in d+1 dimensions. We first exhibit the formalism in 3 + 1 and 5+ 1 dimensions
by calculating the related winding numbers and argue their connections with the Chern numbers and
Dirac monopoles in Section 3 and Section 4, respectively. In Section 5, we carry our discussion to the
higher dimensions. In the last section we summarize our conclusions and discuss the results.
2 Weyl Hamiltonian, the Berry Gauge Field and the Winding Num-
ber
2.1 Weyl Hamiltonian and the Berry Gauge Field
In even d+ 1 dimensional spacetime, the one particle Weyl Hamiltonian
HW = Σ · p, (1)
is expressed in terms of the d dimensional momentum vector p and the 2
d−1
2 × 2
d−1
2 dimensional Σ
matrices satisfying the relations {ΣM ,ΣN} = 2δMN where M,N = 1, .., d. The Weyl Hamiltonian (1)
is derived from the massless Dirac Hamiltonian,
HD = α · p, {αM , αN} = 2δMN ,
which is block diagonal in the chiral representation of the 2
d+1
2 × 2
d+1
2 dimensional α matrices. The
Weyl equation is solved by the eigenvectors |ψ
(α)
± (p)〉 as,
HW|ψ
(α)
± (p)〉 = ±p|ψ
(α)
± (p)〉,
where α, β... = 1, .., d−12 indicating the
d−1
2 fold degeneracy of the each eigenvalue ±p = ±|p|. One
can find a unitary matrix U which diagonalizes (1) as
UHWU
† = diag(p,−p) = p(I+ − I−). (2)
I+ and I− are 2
d−1
2 × 2
d−1
2 dimensional matrices projecting onto the positive and negative energy
subspaces respectively:
I+ =
(
1 0
0 0
)
, I− =
(
0 0
0 1
)
. (3)
By means of U the Berry gauge field is introduced as
A = iI+U∂pU
†I+. (4)
(4) is Abelian for 3 + 1 dimensional spacetime however as a result of the d−12 fold degeneracy, it will
be non-Abelian in higher dimensions. Equivalently, the Berry gauge field also can be written in terms
of the positive energy solutions:
AαβM = i〈ψ
α
+|∂pM |ψ
β
+〉.
The related field strength is defined as
GαβMN = ∂MA
αβ
N − ∂NA
αβ
M − i[AM ,AN ]
αβ, (5)
where we used the shorthand notation ∂M ≡ ∂pM .
3
2.2 Winding Number and the Weyl Hamiltonian
The d+ 1 dimensional winding number Cd is an integer valued topological invariant which is defined
in the momentum space of the system as an integral in terms of the Green’s function G(w,p) and its
inverse G−1(w,p) [4]:
Cd = Nd
∫
ddp dw ǫµν..ρTr[(G∂pµG
−1)(G∂pνG
−1)...(G∂pρG
−1)]. (6)
Here, µ, ν = 0, ..., d and ǫµν..ρ is the d + 1 dimensional totally antisymmetric Levi-Civita tensor.
Nd is the normalization constant which depends on the dimension d. (6) is not effected under the
infinitesimal change G → G + δG which reflects its topological invariance. This property becomes
invaluable if there exists a physical quantity corresponding to (6).
In order to construct G(w,p) we invert the relation (2)
HW = p(P
+ − P−), P± = U †I±U, (7)
where P± are the projection operators:
P+ + P− = 1, P±P∓ = 0, P±P± = P±. (8)
Now, it is possible to express G(w,p) and its inverse G−1(w,p) by means of P± as
G(w,p) =
P+
w − p
+
P−
w + p
, G−1(w,p) = w − p(P+ − P−). (9)
The derivatives of G−1(w,p) with respect to (w,p) can be calculated as
∂G−1
∂w
= 1,
∂G−1
∂pM
= −
(
pM
p
(P+ − P−) + p∂M(P
+ − P−)
)
. (10)
In the next sections we will discuss the 3 + 1 and 5 + 1 dimensional cases explicitly.
3 3 + 1 Dimensional Weyl Hamiltonian and the Winding Number
In 3+ 1 dimensional spacetime the Weyl Hamiltonian H3
W
is given in terms of the Pauli spin matrices
σi:
H3
W
= σ · p =
(
p3 p1 − ip2
p1 + ip2 −p3
)
. (11)
By means of the 2× 2 unitary matrix
U =
(
N+
N+(p−p3)
p1+ip2
N−
−N
−
(p+p3)
p1+ip2
)
, N+ =
√(
p+p3
2p
)
, N− =
√(
p−p3
2p
)
, (12)
one can diagonalize the 3 + 1 dimensional Weyl Hamiltonian (11) as
UH3
W
U † = diag(p,−p) = p(I+ − I−),
in which I+ and I− are defined as in (3). The matrix (12) is constructed with the solutions |ψ±(p)〉
of the momentum space eigenvalue equation
H3
W
|ψ±〉 = ±p|ψ±〉,
as
U =
(
|ψ+(p)〉 |ψ−(p)〉
)†
.
4
The spectral decomposition of (11) is given in terms of the projection operators P± by inverting the
relation (2):
H3
W
= pU †(I+ − I−)U = p(P+ − P−).
P+ can be calculated explicitly by (3) and (12) as
P+ =
1
2p
(
p+ p3 p1 − ip2
p1 + ip2 p− p3
)
.
Utilizing the definitions (7) and (8) it is possible to express P+ by means of H3
W
:
P+ =
1
2
(
H3
W
p
+ 1). (13)
Although we have presented the explicit forms of the unitary matrix U (12) and the projection operator
P+ for completeness, in order to calculate the winding number we only need the definition of P+ in
terms of the Weyl Hamiltonian as in (13). Recalling (6), the 3 + 1 dimensional winding number C3 is
calculated by using (9) and (10) as
C3 =
1
8π2
∫
d3p dw ǫµνρσTr[(G∂µG
−1)(G∂νG
−1)(G∂ρG
−1)(G∂σG
−1)]
=
1
2π2
∫
d3p dw ǫabcTr[(G2∂aG
−1)(G∂bG
−1)(G∂cG
−1)], (14)
where µ, ν... = 0, .., 3, a, b, c = 1, 2, 3 and Tr denotes the trace over the spin indices. It is straightforward
to observe that the quadratic and the cubic terms in pa vanish due to the antisymmetry of ǫ
µνρσ. A
careful investigation shows that the terms linear in pa also give a vanishing contribution after the w
integration. Hence performing the w integral and using the properties (8), the winding number (14)
is found to be:
C3 = −
i
2π
∫
d3p ǫabcTr[∂aP
+∂bP
+∂cP
+]. (15)
As P+ is a 2 × 2 matrix, (15) does not vanish under the antisymmetry of the Levi -Civita tensor.
However, the integrand is a total derivative,∫
d3p ǫabcTr[∂aP
+∂bP
+∂cP
+] =
∫
d3p ∇ ·K3,
where we introduced,
Ka3 = ǫ
abcTr[P+∂bP
+∂cP
+]. (16)
Making use of (13) in (16) provides Ka3 in the simple form,
Ka3 =
1
(2p)3
ǫabcTr[H3
W
(∂bH
3
W
)(∂cH
3
W
)]
=
1
(2p)3
ǫabcTr[σ · pσbσc] (17)
=
ipa
(2p)3
2!Tr[12×2].
We employed the SU(2) algebra and trace properties of the Pauli spin matrices. Therefore we obtain
Ka3 as
Ka3 =
ipa
2p3
,
5
which is the field of a monopole with a unit charge located at p = 0, that is b3 =
p
2p3
. Hence, we
conclude that the winding number (14) is the divergence of the field b3:
C3 =
1
2π
∫
d3p ∇ · b3.
Using ∇ · b3 = 2πδ
3(p), we observe that the winding number C3 is equal to the unit charge of the
monopole:
C3 =
1
2π
∫
d3p ∇ · (
p
2p3
) =
1
2π
∫
d3p ∇ · b3 = 1. (18)
(14) is a topological invariant, therefore this monopole possesses a topological origin. In [4], it was
stated that the winding number (14) denotes the chirality of the particle. Thus we conclude that the
chirality defines the strength of the monopole.
Yet (17) deserves a closer look. Definition of the projection operators (7) enables us to express Ka3
by means of the diagonalization matrix U as
Ka3 = ǫ
abcTr[I+(∂bU)(∂cU
†)I+].
The Abelian Berry gauge field is computed either in terms of the positive energy solution |ψ+〉 or in
terms of U (12) as
Aa = i〈ψ+|
∂
∂pa
|ψ+〉 = iI+U
∂
∂pa
U †I+ =
ǫab3pb
2p(p+ p3)
. (19)
The related Berry field strength is calculated as,
Gab = ∂aAb − ∂bAa = iI
+
(
(∂aU)(∂bU
†)− (∂bU)(∂aU
†)
)
I+.
We conclude that
Ka3 =
1
2i
ǫabcGbc,
which reveals the relation between the winding number (14) and the Berry field strength:
C3 = −
1
4π
∫
d3p ǫabc∂aGbc.
It was known that Berry curvature yields a monopole field ǫabcGbc = −
pa
p3
that is located at p = 0 and
this field is responsible for the chiral magnetic effect denoted in [9, 10, 12] and the semiclassical chiral
anomaly in 3 + 1 dimensions [9, 10, 11, 12]. Hence, we conclude that both phenomena are related to
the topological invariant (14) which is calculated in the momentum space. Using differential forms,
on the 2-sphere S2 which is the boundary of the 3-ball B3, this relation turns out to be,
C3 = −
1
4π
∫
B3
d3p ǫabc∂aGbc = −
1
4π
∫
S2
d2p ǫbcGbc, (20)
where b, c represent the polar and the azimuthal angles θ, φ respectively and Gθφ =
sin θ
2 . (20) is
the topological first Chern number multiplied with minus one. Over a compact manifold like S2 the
integral of the Berry curvature (Chern character) has to be a quantized number and we calculate it
as −1. This equivalence of the Chern number with the winding number was also stated in [5, 6] in
the context of massive Dirac Hamiltonian in odd spacetime dimensions.
We would like to emphasize the gauge field structure of the Dirac monopole (18). We define the
1-form gauge field B3 as
B3 = Aadp
a. (21)
Aa is the Berry gauge field given in (19). B3 is defined on the upper hemisphere of S
2 as it is singular
on the negative z axis. (19) is also equal to the gauge field of the U(1) Dirac magnetic monopole in
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R3 where quantization of the magnetic charge is given in terms of the winding number of the gauge
group. However, in our case we are dealing with a monopole of a unit charge emerging from the
diagonalization of the Weyl Hamiltonian (11). We have found that the winding number of the fermion
propagator and the Chern number are equal to this unit charge. The gauge group of B3 is U(1) and
the Chern number (20) is known as the winding number of the principal bundle P (S2, U(1)).
4 5 + 1 Dimensional Weyl Hamiltonian and the Winding Number
The 5+1 dimensional Weyl Hamiltonian H5
W
is a 4×4 matrix expressed in terms of the 5 dimensional
momentum vector p and the 3 + 1 dimensional Weyl Hamiltonian H3
W
given in (11) as
H5
W
= Σ · p =
(
H3
W
i(p4 + ip5)
−i(p4 − ip5) −H
3
W
)
. (22)
Σ matrices are extensions of the Pauli spin matrices to 5 dimensions:
Σa =
(
σa 0
0 −σa
)
; a=1,2,3, Σ4 =
(
0 i
−i 0
)
, Σ5 =
(
0 −1
−1 0
)
.
One can diagonalize the 5 + 1 dimensional Weyl Hamiltonian (22) as
UH5
W
U † = diag(p,−p) = p(I+ − I−),
where I± are now 4× 4 matrices (3) and the unitary matrix U is
U =


−iN1+(p1+ip2)
p4+ip5
−iN1+(p−p3)
p4+ip5
0 N1+
−iN2+(p4 − ip5) 0 N
2
+(p − p3) −N
2
+(p1 − ip2)
−iN1
−
(p1+ip2)
p4+ip5
iN1
−
(p+p3)
p4+ip5
0 N1−
iN2−(p4 − ip5) 0 N
2
−(p + p3) N
2
−(p1 − ip2)

 .
It is constructed in terms of the 2-fold degenerate eigenstates |ψ
(α)
± (p)〉, α = 1, 2, of the Weyl equation
H5
W
|ψ
(α)
± 〉 = ±p|ψ
(α)
± 〉,
where the normalization constants are:
N
(1)
+ =
√(
p24 + p
2
5
2p(p− p3)
)
, N
(2)
+ =
1√
(2p(p − p3))
, N
(1)
− =
√(
p24 + p
2
5
2p(p+ p3)
)
, N
(2)
− =
1√
(2p(p + p3))
.
By inverting the diagonalization process (2), it is possible to express (22) in terms of the projection
operators (8) as
H5
W
= pU †(I+ − I−)U = p(P+ − P−).
The 4× 4 matrix P+ is explicitly calculated to be
P+ =
1
2p


p+ p3 p1 − ip2 i(p4 + ip5) 0
p1 + ip2 p− p3 0 i(p4 + ip5)
−i(p4 − ip5) 0 p− p3 −(p1 − ip2)
0 −i(p4 − ip5) −(p1 + ip2) p+ p3

 .
Using (7) and (8) we can rewrite P+ in terms of the 5 + 1 dimensional Weyl Hamiltonian (22):
P+ =
1
2
(
H5
W
p
+ 1). (23)
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The winding number in 5 + 1 dimensions is defined as
C5 = −
i
48π3
∫
d5p dw ǫµνρσλγTr[(G∂µG
−1)(G∂νG
−1)(G∂ρG
−1)(G∂σG
−1)(G∂λG
−1)(G∂γG
−1)]
= −
i
8π3
∫
d5p dw ǫijklmTr[(G2∂iG
−1)(G∂jG
−1)(G∂kG
−1)(G∂lG
−1)(G∂mG
−1)], (24)
where µ, ν... = 0, ..., 5 and i, j... = 1, 5. We perform the w integration and find
C5 =
1
8π2
∫
d5p ǫijklmTr[∂iP
+∂jP
+∂kP
+∂lP
+∂mP
+].
This can be written as the total derivative,
C5 =
1
8π2
∫
d5p ∇ ·K5, K
i
5 = ǫ
ijklmTr[P+∂jP
+∂kP
+∂lP
+∂mP
+].
We use the definition (23) and convert Ki5 into the simpler form:
Ki5 =
1
(2p)5
ǫijklmTr[H5
W
(∂jH
5
W
)(∂kH
5
W
)(∂lH
5
W
)(∂mH
5
W
)]
=
1
(2p)5
ǫijklmTr[Σ · pΣjΣkΣlΣm]
=
pi
(2p)5
4!Tr[14×4] = 6
pi
2p5
.
We observe that the winding number (24), similar to the 3 + 1 dimensional case, yields the Dirac
monopole b5 =
p
2p5 ,∇ · b5 =
4pi2
3 δ
5(p). Therefore, we conclude that the value of (24) is equal to the
unit charge of the monopole:
C5 =
3
4π2
∫
d5p ∇ · b5 = 1.
In [12], the same monopole field was evoked in terms of the 2× 2 matrix Berry gauge field,
Aαβi = i〈ψ
(α)
+ |
∂
∂pi
|ψ
(β)
+ 〉 = i(I
+U
∂
∂pi
U †I+)αβ , (25)
and its curvature
Gαβij = ∂iA
αβ
j − ∂jA
αβ
i − i[Ai,Aj ]
αβ ,
as
1
24
ǫijklmTr[GjkGlm] = −
pi
2p5
. (26)
Like in the 3 + 1 dimensional case, this monopole field is the source of the chiral magnetic effect
[12] and the chiral anomaly [11, 12] in the semiclassical chiral kinetic theory. We can accomplish the
relation between the Berry gauge field (25) and the winding number (24) by substituting the explicit
form of the projection operators (7) into Ki5:
Ki5 = ǫ
ijklmTr [ I+∂jU∂kU
†I+∂lU∂mU
†I+
+ 2I+U∂jU
†I+U∂kU
†I+∂lU∂mU
†I+
+ I+U∂jU
†I+U∂kU
†I+U∂lU
†I+U∂mU
†I+]
= −
1
4
ǫijklmTr[GjkGlm].
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Hence the winding number (24) and the monopole field (26) which is responsible for the chiral anomaly
in kinetic theory are related:
C5 = −
1
32π2
∫
d5p ∂iǫ
ijklmTr[GjkGlm]. (27)
On the other hand letting the domain of the integral (27) to be the 5-ball B5 whose boundary is
the 4-sphere S4, C5 can be written as
C5 = −
1
32π2
∫
B5
d5p ǫijklm∂i(Tr[GjkGlm]) = −
1
32π2
∫
S4
d4p ǫjklmTr[GjkGlm],
where j, k... represent the angular coordinates on S4. Therefore we find that the winding number is
the negative of another topological invariant, namely second Chern number which is the integral of
the second Chern character over S4.
As we deal with the Dirac monopole, we would like to explore its gauge field structure. In differ-
ential form language writing the 2-form Berry field strength as G = 12Gijdp
i ∧ dpj and recalling (26)
we define the Abelian 3-form antisymmetric gauge field B5 [13] as
Tr[GG] = dB5.
B5 can be written explicitly as
B5 = Tr[AdA−
2i
3
A3], (28)
where A is the Berry gauge field (25). Note that (28) is in the form of Chern Simons Lagrangian. In
its components Abelian rank-3 antisymmetric gauge field (28) can be written as,
Bijk5 = Tr[A
i∂jAk −
2i
3
AiAjAk].
In the next section beginning with the d+1 dimensional winding number of the fermion propagator
Cd, we will generalize the arguments that are presented in Section 3 and Section 4.
5 d+ 1 Dimensional Weyl Hamiltonian and the Winding Number
In the d+1 dimensional spacetime where d+1 is even, each eigenvalue (p,−p) of the Weyl Hamiltonian
(1) is d−12 fold degenerate and in principle the corresponding eigenstates
|ψ
(1)
+ 〉, ..., |ψ
(d−1
2
)
+ 〉, |ψ
(1)
− 〉, ..., |ψ
(d−1
2
)
− 〉,
can be computed. One can diagonalize (1) by means of the unitary matrix U which is constructed in
terms of the solutions |ψα±〉 as
U =
(
|ψ
(1)
+ 〉...|ψ
(d−1
2
)
− 〉
)†
.
With an appropriate choice of the normalization constant Nd, we write (6) as
2
Cd =
i
d+1
2 2
3d−5
2 d
π(d+ 1)!
(d−1
d+1
2
)
Vol(Sd−1)
∫
ddp dw ǫµν..ρTr[(G∂pµG
−1)(G∂pνG
−1)...(G∂pρG
−1)].
2Actually, Cd should be multiplied with −1 for the 3+1 dimensional case in order to cancel the minus factor which will
appear in the KM3 (30). Because of this minus sign, in 3 + 1 dimensions, we calculated the Chern number as −1 which
is different from the general construction (35). This sign confusion is artificial in the sense that it is due to our choice of
H
3
W = σ · p which is the conventional Weyl Hamiltonian used in the literature. If the Dirac matrices were constructed
starting from the 1 + 1 dimensions in chiral basis, there would not be this sign ambiguity. We must emphasize that the
general definition of the winding number do not distinguish between the dimensions.
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Using the properties of the projection operators (8) and the definitions (9), (10) one can perform the
w integration and obtain,
Cd =
i
d+1
2 2
3d−5
2
π(d− 1)!
(d−1
d+1
2
)
Vol(Sd−1)
∫
ddp dw ǫMN...RTr[G2(∂MG
−1)(G∂NG
−1)...(G∂RG
−1)]
=
−2(−2i)
d−1
2
(d− 1)!Vol(Sd−1)
∫
ddp ǫM...RTr[(∂MP
+)...(∂RP
+)] (29)
=
−2(−2i)
d−1
2
(d− 1)!Vol(Sd−1)
∫
ddp ∇ ·Kd
where the italic capital letters denote M,N, .., R = 1, .., d and ǫM...R is the d dimensional totally
antisymmetric tensor. We defined Kd in terms of the projection operators as
KMd = ǫ
MN...RTr[P+(∂NP
+)...(∂RP
+)].
It leads to the Dirac monopole in the d dimensional momentum space:
KMd =
1
(2p)d
ǫMN...RTr[HW(∂NHW)...(∂RHW)]
=
1
(2p)d
ǫMN...RTr[Σ · pΣN ...ΣR] (30)
= −(d− 1)!(
i
2
)
d−1
2
pM
2pd
.
Therefore for all spacetime dimensions considered, the winding number (6) is associated to the Dirac
monopole,
bd =
p
2pd
, ∇ · bd =
Vol(Sd−1)
2
δd(p). (31)
Using the definition of the d dimensional monopole field (31), we can calculate (29) as
Cd =
2
Vol(Sd−1)
∫
Bd
ddp ∇ · bd = 1. (32)
Thus the winding number Cd is equal to the unit charge of the d dimensional Dirac monopole.
In order to display the general relation between the winding number and the Chern number, we
point out that the winding number can be written as an integral over the d dimensional ball Bd as
Cd =
−2(−1)
d−1
2
Vol(Sd−1)(d− 1)!
∫
Bd
ddp ǫMNR...ST∂MTr[
(d-1)/2 times︷ ︸︸ ︷
GNR...GST ]
=
2(−1)
d+1
2
Vol(Sd−1)(d− 1)!
∫
Sd−1
dd−1p ǫNR...STTr[
(d-1)/2 times︷ ︸︸ ︷
GNR...GST ],
where GNR is the Berry field strength (5) and the letters M,N... represents the angular coordinates of
the d − 1 dimensional sphere Sd−1. We observe that the monopole field (31) which is obtained from
the winding number can be expressed by means of the Berry curvature as
bMd =
(−1)
d+1
2
(d− 1)!
ǫMNR...STTr[
(d-1)/2 times︷ ︸︸ ︷
GNR...GST ]. (33)
(33) is in accord with the previous results and it demonstrates that the monopole which is responsible
for the chiral anomaly in chiral kinetic theory is the same with the one appearing in the winding
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number (31). Since we can define the winding number (6) for even d+ 1 dimensions, we have proven
the existence of semiclassical chiral anomaly for all even dimensions. Let d = 2n + 1 where n is a
positive integer. The volume of the d− 1 dimensional sphere is given in terms of Γ function as 2pi
d/2
Γ(d/2) .
Using this, we find
C2n+1 =
Γ(n+ 12)(−1)
n+1
πn+
1
2Γ(2n+ 1)
∫
S2n
d2np ǫNR...STTr[
n times︷ ︸︸ ︷
GNR...GST]
=
(−1)n+1
(4π)nn!
∫
S2n
d2np ǫNR...STTr[
n times︷ ︸︸ ︷
GNR...GST] = (−1)
n+1Nn. (34)
Nn is the n
th Chern number defined as the integral of the nth Chern character. Comparing it with
(32) we conclude that,
Nn = (−1)
n+1, (35)
for all n. Up to a normalization, (35) is in accord with the spin Chern number computed in [11]. (34)
shows that the winding number C2n+1 which is equal to the charge of the Dirac monopole, is actually
the topological index given by the integral of the Berry curvature (5).
Lastly, we will investigate the gauge field structure of the d dimensional Dirac monopole (31).
A generalization of the Dirac magnetic monopoles to all dimensions by means of the antisymmetric
tensor gauge fields was considered in [13]. Utilizing the differential forms, we define the Abelian
antisymmetric tensor gauge field B2n+1 as
Tr[Gn] = dB2n+1 = dTr[L
2n−1
CS ],
where L2n−1CS is the 2n − 1 dimensional Chern-Simons Lagrangian. In its components we can write
B2n+1 as
B2n+1 = B
M...R
2n+1
2n−1 times︷ ︸︸ ︷
dpM ...dpR = ǫ
MNR...STTr[AM
n−1 times︷ ︸︸ ︷
GNR...GST ] d
2n−1p (36)
which is in accord with (21) and (28) where AM is the Berry gauge field (4). We would like to
emphasize that as (36) is the field of the Dirac monopole, it is not defined globally on S2n.
6 Discussions
Diagonalizing the 2n + 2 dimensional Weyl Hamiltonian (1), we define the Berry gauge field whose
gauge group is U(n). The related holonomy is given as the integral of the Chern character over the
compact space S2n. Both in 3 + 1 dimensions and in 5 + 1 dimensions we calculated explicitly the
fermionic winding numbers and proved that they are equal to the unit monopole charge which emerges
in momentum space. We showed that the winding number also can be stated as the integral of the
Chern character, the topological invariant Chern number. The Chern character which is expressed
via the Berry field strength (5) represents the nontrivial topological properties of the fiber bundle
(S2n, U(n)). We observed that the winding numbers, monopole charges and Chern numbers are based
on the same topological origin. We classified the gauge field structure of the Dirac monopole as 2n−1
rank antisymmetric tensor gauge field as in [13].
In quantum field theory the chiral anomaly is the contribution of different chirality zero-modes to
the measure of the path integral under the chiral transformation. The anomaly term is precisely equal
to the analytical index of the Dirac operator which is projected to the positive chirality subspace.
Due to the Atiyah-Singer index theorem, the analytical index is also topological in the sense that
it can be given as the integral of the Chern class over the compact manifolds. On the other hand,
in [9, 10, 11, 12] it was argued that chiral anomaly can be achieved at the semiclassical level via
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the chiral kinetic theory by introducing the Berry gauge field. In the context of the one particle
Weyl Hamiltonians, in all even dimensions we showed the existence of the Dirac monopoles on the
degeneracy points, that is p = 0. This monopole field acts as a source for the semiclassical anomaly.
We observed that the topological invariant winding number (6) is equal to the charge of the monopole
and according to [4] this winding number results in the chirality of the Weyl particle. It is interesting
but may be not surprising that even at the semiclassical level the chirality which shows up itself as
a monopole located at the zero momentum degeneracy point is responsible for the chiral anomaly.
Besides, this topological structure is also determined by the integral of the Chern character of the
Berry curvature which is the topological index. We have done a topological and geometrical analysis
of the semiclassical chiral anomaly and concluded that the concepts like the topological charges, fiber
bundle theory, index theorems etc. also play an important role in the semiclassical theory.
We would like to mention also that the 3+1 dimensional Weyl Hamiltonian (11) was argued to be
the effective low energy Hamiltonian for the Weyl semimetals. In [8] it was noted that the stability of
the Weyl semimetallic phase is related to the Chern number which is calculated in terms of the Berry
gauge field (20). In this work, we show that this stability can be determined in terms of the another
topological invariant, the winding number (14).
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